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The two most frequently used regression models for structure-activity analyses, the additive and the linear 
multiple regression models, are shown to be fundamentally interrelated. Each approximation used in re
ducing the additive model to its linear multiple regression counterpart leads to useful insight into how 
these regression methods are best applied, at least when dealing with organic compounds. Interaction 
models have little evidence in their favor when applied to biological data. An illustration of the systematic 
method of analysis that is provided by the theoretical development is presented. 

Based on literature applications, there would appear to be 
two separate regression models that may be applied to the 
correlation of biological data. These are the additive model 
of Free and Wilson1 and the linear multiple regression model 
of Hansen and his coworkers.2-4 Cammarata has indicated, 
however, how these regression models can be interrelated 
in approaching the analysis of biological data using molecu
lar orbital indexes,5'6 and he has also specified the condi
tions under which the regression models might be taken as 
equivalent when using free energy related substituent in
dexes.6'7 A number of statistically based structure-activity 
studies would seem to support the view that the additive 
and linear multiple regression models can be made equiva
lent, but each of these studies is presently tenuous. In 
most instances it is not clear what level of approximation 
is involved.7-10 In one case there is a definite conflict. Based 
on a theoretical development, Singer and Purcell11 con
cluded that an additive model would tend to break down 
when biological activities are related parabolically to a sub
stituent constant. Yet Clayton and Purcell8 have shown esti
mates of the pls0 values for a series of butyrylcholinesterase 
inhibitors to compare favorably when calculated on the ba
sis of an additive model and of a linear regression model in 
which the pI5o's were related in a parabolic manner to n. 

In this report the interrelationship between the regression 
models used in structure-activity studies is developed in de
tail. Graham and Kamar's data12 (Table I) on the adrenergic 
blocking potencies of Af,A^-dimethyl-2-bromophenethyl-
amines (I) in the rat is used in support of the development. 
Hansch and Lien13 have taken a linear multiple regression 
approach in analyzing this data. This same compilation is 
presently used for the contrasts that are afforded. While 
confirming the regression equation reported by Hansch and 
Lien, the more detailed method of approach which is the 
subject of this paper provides correlations that may be in
terpreted following four different rationales rather than 
only one as earlier reported.13 These new correlations can 
be applied in suggesting additional substances whose test 

results potentially would allow distinctions to be made be
tween the differing interpretations. 

Z - / ~ ~ V CHBrCH,N(Me)3 

Y 
I 

Basis for the Methods. To avoid any possible misunder
standing of the manner in which the regression methods are 
interrelated, at least as applied to structure-activity studies, 

Table I. Adrenergic Blocking Potencies of Some 
Ar,A''-Dimethyl-2-bromophenethylaniines 

Substituent variations 

Meta Para log(l/ED„)a 

F CI Br I Me F CI Br I Me Obsd Estd 

8.16 
8.68 
8.89 
9.25 
9.30 
7.52 
8.16 
8.30 
8.40 
8.46 
8.19 
8.57 
8.82 
8.89 
8.92 
8.96 
9.00 
9.35 
9.22 
9.30 
9.52 
7.46 

7.86 
8.28 
8.54 
9.25 
8.78 
7.52 
7.98 
8.47 
8.40 
8.22 
8.38 
8.87 
8.62 
8.80 
9.29 
9.04 
9.06 
9.55 
9.30 
9.54 
9.79 
7.46* 

stituted 
aFromiefl2. &By definition. 
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each step of the development will be presented as succinctly 
as possible. A statement of the assumptions involved pre
cedes its mathematical counterpart and the implications that 
are associated with each assumption follow. 

Assumption 1. An additive model applies to each and 
every compound in a structure-activity compilation. Thus, 
for a set of N compounds, the biological responses, A, for 
each compound n in the series, under equivalent conditions 
of assay, can be written 

An = H Z/n-Ps + ^(n=l>2 AO (1) 

in which M represents the biological effect of a parent struc
ture and there is a value for aps corresponding to the bio
logical effect due to each substituent s at a position p of 
this structure. 

Implication i. The biological effect imparted by a sub
stituent attached at different points on a parent structure 
differs 

* f ln,q ( l i ) *n,ps "^"n.qs 
Hence, a m-C\ differs from ap-Cl in its biological effect; and 
an a-Me differs from a /3-Me in its biological effect. 

Implication ii. The biological effect imparted by a sub
stituent in one compound n differs from the biological ef
fect imparted by the same substituent in a second com
pound m in the series: 

tfn.ps ̂  flm,ps ( l n ) 

In other words, the biological effect imparted by a substit
uent situated at the same position of a parent structure dif
fers as other substituents are placed on the parent structure. 
This behavior in the biological effect associated with a par
ticular substituent in passing from one derivative to another 
is indicative of an interaction mechanism. With an interac
tion mechanism operative, it can be said that the biological 
effect of N02 in, say, m-nitroanisole differs from the bio
logical effect of N02 in m-nitrotoluene when using the same 
test system. Such interaction effects cannot usually be very 
great, since it is common practice to define physical14 and 
biologicalls substituent values by subtracting a free energy 
measure for a monosubstituted (or more highly substituted 
parent) compound from corresponding measures for the 
more highly substituted derivatives. This leads to a sim
plifying assumption. 

Assumption 2. Following Free and Wilson,1 each sub
stituent may be considered, at least initially, as making es
sentially the same biological contribution in each derivative 
possessing the substituent 

an,ps= am,ps (2) 

Implication i. In the event of an interaction effect, as 
may occur with N02 and OH groups that are situated para 
to one another on an aromatic nucleus, the interacting sub
stituents can be identified as "new" groups which are un
related to corresponding noninteracting substituents. The 
additivity of eq 1 can thus be maintained. According to this 
implication, the interaction model used by Boc"ek, Kopecky, 
and their coworkers16'17 in analyzing the toxicities of sub
stituted benzenes toward mice is not generally applicable to 
eq 1. As a result, the attempt of Singer and Purcell11 to in
terrelate the regression methods in terms of the Boc"ek-
Kopecky model is of no consequence to the present devel
opment. 

Assumption 3. Each substituent contribution <zps can be 
interpreted as a weighted average biological effect due to 
differing physical properties of each substituent. A linear 
combination of physically meaningful substituent param
eters X can then be written 

0„>Ps = I ] (W-M" (n = l >2> -' AO ( 3 ) 
x 

where the weighting factors bx give the fractional contribu
tion of each substituent property toward the biological ef
fect associated with the substituent. It follows necessarily 
that ~Lxt>x = 1 > which is a normalizing condition. 

Implication i. The fractional contribution made by any 
one substituent property X is not necessarily the same for 
each of the substituents at a given position of substitution 
(eq 3i). As a consequence, the substitution of eq 3 into eq 1, 
even when made in accord with assumption 2, leads to a set 
of relationships which contains so many independent coeffi-

!>ps,r * bvXj (3i) 

cients bpStx that, for practical purposes, it is often impos
sible to gain an estimate for their values based on a know
ledge of the values for A and for the various X. An addi
tional simplifying assumption is thus indicated. 

Assumption 4. The weighting factor associated with a 
given substituent property can be taken as the same for all 
substituents situated at a specified position p. 

<>ps,X ~ flpt,Jr (4) 

Implication i. For all substituents at a given position of 
substitution, a linear multiple regression model serves in re
lating the biological substituent effects a to the various 
physically based substituent constants X. Equation 3 can 
thus be written 

' Z J ^ P ^ P (40 

in which the subscripts n and s have been deleted from eq 3 
since eq 4i applies to all compounds having a number of 
differing substituents at position p. 

Implication ii. In applying an additive model to biologi
cal data, each substituent has its biological effect determined 
in an independent fashion. As a consequence the biological 
substituent effects associated with each of the substituents 
at a specified position may first increase and subsequently 
decrease in value. To relate these biological substituent ef
fects to physically based substituent constants using mul
tiple regression techniques higher powers of each physical 
constant may have to be included in eq 4i to take this effect 
into account. Thus, the additive model of eq 1 can indeed 
apply when biological substituent effects are parabolically 
related to a given substituent property. This implication is 
in agreement with the findings of Clayton and Purcell8 but 
contrasts sharply with the conclusion of Singer and Pur-
cell's theoretical analysis.11 

Implication iii. The multiple regression model relating 
the activities of the compounds in a structure-activity com
pilation to physically based substituent constants is ob
tained by substituting eq 4i into eq 1. If substituent varia
tions are made at only two positions for the compounds in 
a set, the regression model can be written 

A=(H b»>xXA+(E b^xX)+** (4ii) 
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where each grouping of terms is appropriate to one of the 
positions of substitution. In general, there will be one such 
term for each position of substitution on a parent drug 
structure. Equation 4ii does not contain the subscripts n 
and s as does eq 1, since it applies to all compounds and all 
possible substituent variations found in a set of data. The 
significance of the substitution of eq 4i into eq 1 in arriving 
at eq 4ii in relation to the statistics of eq 4ii is discussed in 
the section dealing with the application of these relation
ships. 

Assumption 5. In principle, no additional assumptions 
are necessary beyond those used in arriving at eq 4ii to have 
a satisfactory regression model. This is because in applying 
eq 4ii to a set of data it can be shown whether the weight
ing coefficients bVtx appearing before a physical parameter 
X is essentially the same at each position of substitution, 
i.e., 

K,x~b\,X (5) 

The assumption represented by eq 5 is frequently unknow
ingly made, however, by the simple expedient of adding a 
physical parameter' which refers to differing positions of 
substitution prior to conducting a regression analysis. 

Implication i. Acpepting the assumption made by eq 5, 
eq 4i can be written 

a = 2bxX (5i) 

where the subscript p is deleted from eq 4i since eq 5i is ap
plicable to all positions of substitution. Both Cammarata 
and Yau7 and Fujita and Ban10 tacitly worked at this level 
of approximation when, ostensibly to increase the number 
of statistical degrees of freedom, they included ortho-para 
and meta-para biological activity contributions, respec
tively, into a single multiple regression model correspond
ing to eq 5i. Viewed in terms of the number of assumptions 
involved in arriving at eq 5i, neither Cammarata and Yau's 
nor Fujita and Ban's correlations adequately demonstrate 
the equivalence of additive and linear multiple regression 
models. 

Implication ii. The substitution of eq 5 into eq 4ii leads 
to the regression model in which additivity of substituent 
parameters define the independent variables of the equa
tion. Considering only two physical properties of substit-
uents to contribute to the biological effect eq 4ii can thus 
be written 

A = bi?:o + b2ZiT + iJi (5ii) 

where for this particular case electronic and lipophilic sub
stituent properties are designated as important. The prob
lem with accepting a regression model such as eq 5ii a priori 
obviously is that a nonequivalence in the biological behavior 
of two or more differing positions of substitution may be 
masked. Less obvious is the fact that certain physical in
fluences may be discarded as unimportant on statistical 
grounds when using such a model, when in actuality there 
are two separate physical interpretations possible for the 
data. This point is discussed for the example which fol
lows. 

Application. An additive model (eq 1 with assumption 
2) was applied to the data found in Table I to derive the 
biological substituent effects am and ap, shown in Table II, 
which apply to the meta and para positions of substitution, 
respectively. The biological response measure (EDS0) was 
converted to logarithmic form (log 1 /EDS0) and the activity 
of the unsubs'tituted compound was set equal to ix in order 

Table II. Group Contributions 

Meta 
Y am °m wm '"v Z flp 

Para 

CTP jr p 'v 
I 0.84« 0.35 1.26 
Me 0.76 -0.07 0.52 
Br 1.01 0.39 1.02 
Q 0.52 0.37 0.70 
F 0.06a 0.33 0.15 

1.98 I 1.79" 0.28 1.26 1.98 
1.97 Me 1.32 -0.17 0.52 1.97 
1.85 Br 1.08 0.23 1.02 1.85 
1.75 a 0.82 0.23 0.70 1.75 
1.47 F 0.40a 0.06 0.15 1.47 

H O.OQfr O.OQft O.OQfe 1.20 H 0.00" 0.00" 0.00*> 1.20 
flSingle-point determination. 6By definition. 

to define am and ap in the same relative manner as are phys
ically based substituent constants.6'7'10 Inspection of the 
derived values (Table II) shows that corresponding substit-
uents lead to a differing biological effect depending on 
whether they are substituted meta or para. These biological 
substituent constants may be considered additive based on 
the agreement obtained between the observed and the esti
mated log (1/EDS0) for the compounds (» = 22; R = 0.911; 
s = 0.214). 

Assumptions 3 and 4 lead to a simplification of the addi
tive model. When these assumptions are valid, biological 
substituent effects that are appropriate to a given position 
of substitution should correlate with physically based sub
stituent parameters by a linear multiple regression model 
(eq 4i). In seeking agreement with this prediction, two dif
ferent relationships appropriate to each position of sub
stitution are found. These relationships, which are based on 
the values given in Table II, are specified by eq 6a, 6b, 7a, 
and 7b, in which the standard errors associated with the de
termination of the coefficients are included. 

A comparison of eq 6 and 7 shows that the coefficients of 
eq 7 are about double those of eq 6. The intercepts to eq 6a 
and 7a are nearly zero in each case, as they should be ac
cording to eq 4i when the biological and physical substitu
ent constants are defined in the same relative manner. The 
intercepts of eq 6b and 7b differ substantially from zero 
since the biological substituent constant a is defined in a 
relative manner whereas the physical substituent constant 
rv (the van der Waals radius) may be considered as an ab
solute-type measure. The about two times greater value for 
the intercept of eq 7b relative to the intercept of eq 6b 
most probably reflects the corresponding ratio of the slopes 
to these equations, since equivalent values for rv are used in 
deriving the two equations. 

Based on the theoretical development, eq 4i and 4ii are 
but two alternative ways of expressing the same type of 
correlation. There are 4 possible combinations of eq 6 and 
7, and accordingly 4 differing equations are found for the 
correlation of log (1/ED50) (eq 8a-8d). The coefficients of 
eq 8a-8c are essentially identical with the coefficients of 
eq 6 and 7 as must be the case if, by the theoretical 
development, eq 4i and 4ii are equivalent. Because of 
this equivalence, there are a total of n* = 12 independent 
points leading to eq 8 and not n = 22 points. The latter 
gives the total number of compounds on which the 12 in
dependent points are based whereas the former gives the 
number of independent a values. Less satisfying agreement 
is found between the coefficients of eq 6b, 7b, and 8d, most 
probably because of the intercorrelation between rv m and 

'V.p* 
The analyses to this point show the coefficients of eq 6a, 

7a, and of eq 6b, 7b to differ. In principle, because the co
efficients differ, the quantities on which eq 6a, 7a and eq 
6b, 7b are based should not be "mixed together" to derive, 
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Meta 
R 

am = -0.645 (±0.509)am + 0.919 (±0.215>m + 0.119 
am = 1.238 (±0.276)rv - 1.578 

ap = -2.014 (±0.731)ap + 1.646 (±0.258)TTP + 0.108 

Para 

flp = 1.984(±0.307)rv-2.477 

log (1/EDso) = -1.004(±0.302)am + 0.791(±0.150>m - 1.993(±0.402)ap + 
1.479(±0.139)7Tp +7.914 

log (1/EDso) = -0.91 l(±0.249)am + 0.747(±0.123)7rm + 1.666(±0.124)rvp + 5.769 
log (1/EDso) = -2.127(±0.459)ap + 1.539(+0.159>p + 0.651(±0.164)rv^ + 7.066 
log (1/EDjo) = 0.618(±0.139)rv>m + 1.722(±0.156)rv,p + 4.893 

am/p = -1.445(+0.494)a + 1.255 (±0.216)TT + 0.212 
am/p = 1.687(±0.374)rv - 2.169 

log (l/EDSo) = -1.543(±0.269)2a + 1.173(±0.124)2* + 7.905 
log (1/EDso) = 1.143(±0.173)2>v + 4.949 

N
O

 
N

O
 

O
N

 
O

N
 

22 
22 
22 
22 

11 
11 

22 
22 

12 
12 
12 
12 

0.931 
0.913 

0.968 
0.955 

0.946 
0.961 
0.924 
0.942 

0.899 
0.832 

0.907 
0.828 

0.196 
0.191 

0.206 
0.213 

0.203 
0.168 
0.235 
0.200 

0.259 
0.308 

0.251 
0.326 

(6a) 
(6b) 

(7a) 
(7b) 

(8a) 
(8b) 
(8c) 
(8d) 

(9a) 
(9b) 

(10a) 
(10b) 

respectively, a single regression equation. This "mixing" of 
am and <zp to derive a single regression equation (corre
sponding to eq 5i) intrinsically corresponds to a recognition 
that assumption 5 is valid. Without the previous analyses as 
a guide, one could have followed Cammarata and Yau7 and 
Fujita and Ban10 in deriving the relations 9a and 9b, which, 
while having an acceptable number of statistical degrees 
of freedom, tend to mask the differing biological be
havior of the meta and para positions. The poorer fits pro
vided by these equations tend to suggest the inadequacy of 
assumption 5 rather than the need for any additional var
iables. 

Only one set of values for H rather than the two shown in 
Table II was used in deriving eq 9a and 9b to avoid assign
ing an undue weight to reference points. This is the reason 
n = 11 and not n = 12 appears in designating the number of 
points on which eq 9a and 9b are based. 

Assumption 5 is also tacitly recognized as valid whenever, 
for multisubstituted compounds, additivity in a physical 
parameter is used as a basis for describing a physical char
acteristic due to the substituents prior to a linear multiple 
regression analysis. The regression model in this case (eq 
5ii) is equivalent, in principle, to the regression model (eq 
5i) used to derive eq 9. Hence, the counterparts to eq 9 are 
given by eq 10a and 10b. These also tend to mask the differ
ing biological behavior of the meta and para positions. 

Equation 10a is identical with the correlation previously 
reported by Hansen and Lien.13 In fairness to these workers 
it should be noted that including 2CT, 27T, and 2rv as the in
dependent variables to a linear multiple regression model 
leads to a regression equation in which 2rv is statistically 
insignificant. This points out one of the advantages to con
ducting statistical analyses of biological data along lines 
consistent with a theoretical model; one is less apt to dis
card as insignificant a physical property which itself may 
account for the data. 

Equations 8 are statistically acceptable at each level of 
approximation (assumptions 1 -4) involved in formulating 
the alternative regression models. Because of the difference 
in the regression coefficients of eq 6 and 7, the application 
of assumption 5 is inappropriate. Thus, eq 8 should serve as 
a basis for making inferences regarding the physical proper
ties that influence the adrenergic blocking potencies of com

pounds having the structure I. It is suggested that the al
ternative interpretive models might be at least narrowed to 
2 possibilities by designing compounds following eq 8 prior 
to presenting a physical rationale. Table III shows some pos
sible substituent variations that may be used and the pre
dicted log (1/EDso) for compounds with these substituents 
based on each of eq 8. The first 3 compounds may allow a 
choice between eq 8a and 8c and eq 8b and 8d. In the first 
instance these compounds are expected to be fairly potent 
blocking agents, while in the latter instance they are ex
pected to be relatively much less potent. Compounds 3 and 
4 may confirm whatever choice is made. The change from 
m-NH2 to p-NHj should lead to a decrease in potency if in 
accord with eq 8a and 8c but an increase in potency if in 
accord with eq 8b and 8d. A distinction is possible between 
eq 8a and 8c using m- and p-tert-Bu derivatives. The change 
from m-tert-Bu to p-tert-Bu should lead to a pronounced 
decrease in potency according to eq 8a but a pronounced 
increase in potency according to eq 8c. No clear distinction 
is possible between eq 8b and 8d, at least for the substituent 
variations in Table III, but this may not be a problem if the 
above predictions are born out. 

Conclusions 

Most investigations of structure-activity relationships are 
based either explicitly or implicitly on assumption 1, i. e., 
an additive model applies to each compound in a structure-
activity compilation. In fact, once the condition is made 
that a statistical model must agree with accepted physical 
principles or physical interpretations in an extrathermody-
namic sense, it becomes difficult to provide evidence in 
favor of any other model over an additive one. The one 

Table III. Possible Compounds Enabling Interpretive Distinction 

No. 

1 
2 
3 
4 
5 
6 

Substituents 

Y 

CF3 

OMe 
NH2 

H 
ferf-Bu 
H 

Z 

H 
H 
H 
NH2 

H 
tert-Bu 

Eq8a 

8.34 
7.89 
7.16 
4.89 
9.36 
6.47 

Predicted 

Eq8b 

6.19 
5.75 
5.05 
8.35 
7.13 

10.41 

log (1/EDS0) 

Eq 8c 

8.64 
8.05 
8.07 
6.70 
8.88 

13.84 

Eq8d 

6.39 
5.83 
5.85 
7.56 
6.61 
9.69 
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example of the use of an interaction model for the analysis 
of biological data16'17 does not discount the generality of 
the additive model, since the data for this analysis when 
grouped according to congeneric series provide good linear 
regression fits with physically based substituent param
eters.18'19 Certain reported1 examples of the inadequacy of 
an additive model to correlate biological activities seem 
most appropriately interpreted as reflecting the inadequacy 
of assumption 2. In Free and Wilsons's paper,1 it was 
pointed out that the bacteriostatic activities for multisub-
stituted tetracyclines were not well correlated by the use of 
an additive model. But in this statistical analysis certain 
groups, e. g., N02, were not recognized as physically "dif
ferent," when intramolecularly H bonded or when strongly 
conjugated through resonance with an OH group, from 
corresponding groups not acted upon by these effects. 

A break-down of assumption 2 for one or more members 
of a series can be taken as a basis for the majority of studies 
directed toward mapping the hydrophobic regions of en
zymes.20'21 Homologous series of compounds are usually 
involved in these investigations, and inferences regarding 
the nature of the enzyme binding site are drawn from the 
behavior of the binding constants as a molecular side chain, 
usually linear aliphatic, has its length increased. An incre
ment of change in the binding constant as the side chain is 
increased most frequently is least when the last-added CH2 

group is in a hydrophilic environment. This corresponds to 
a breakdown in assumption 2, since by this assumption each 
added CH2 group should make an equivalent contribution 
to the binding constant if the binding behavior for the 
members of an homologous series is strictly additive. 

From the large number of linear multiple regression equa
tions that have been reported to correlate various sets of 
biological data2-4'18'19 assumptions 2-4 seem generally 
applicable. Most probably, however, assumption 4 is not 
strictly followed. Rather, the fractional biological effect 
due to a substituent property may vary for each of the 
members of the series, but the variation may often be suf
ficiently small so that this fraction is well approximated by 
an average value—the coefficient determined by the regres
sion analysis. In practice, the coefficients of a linear mul
tiple regression equation are not identified as a fractional 
biological effect due to a substituent property, i. e., the co
efficients to the regression equation are not normalized. 
Including a normalization condition into the least-squares 
solution of a linear multiple regression model, while de
sirable from a theoretical standpoint, most probably will 
not influence appreciably earlier conclusions drawn off of 
the relative magnitudes of the coefficients in a regression 
equation. 

In cases involving the analyses of the biological activities 
for series containing multisubstituted compounds, and 
sometimes only monosubstituted compounds, a reinvestiga
tion of much of the earlier literature is indicated. The most 

approximate form of the additive model, i. e., a linear mul
tiple regression model with assumption 5, has frequently 
been unwittingly used by (a) fitting the biological activi
ties, for, say, meta- and para-substituted compounds to a 
single regression equation prior to demonstrating that the 
coefficients to the regression equations are equal for each 
position of substitution; by (b) making use of physical sub
stituent constant additivity to obtain the independent var
iables of a regression model; and by (c) a combination of 
a and b applied to the same set of data. It can be expected 
that by following the approach given in this paper many of 
the earlier interpretations of correlation equations may 
have to be modified, sometimes appreciably. 

It is hoped that the content of this paper is not miscon
strued. In pointing out the interrelationship between the 
present regression models that are applied to biological 
problems it is unavoidable to also have to point out certain 
faults in earlier works. The method of approach which has 
been developed in this paper should help to eliminate many 
of the factors that could give rise to a misleading correla
tion. Additional development of this approach no doubt 
will aid all who are involved in or make use of mathemati
cal methods for the analysis of biological data. 
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